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+ Teaching

2018 - 2019

2019
2019
2019 - 2020
2019 - 2020
2020

Real analysis | (lecture with tutorial, joint with Chun-Chi Lin)

Topics own part: Measures and measurable sets, Borel sets, measurable
functions (approximation theorems, spaces of measurable functions),
Lebesgue integration (basic properties, limit theorems).

Real analysis Il (lecture with tutorial)

Topics: Lebesgue spaces, Jensen's inequality, Daniell integrals, linear
functionals on Lebesgue spaces, Riesz's representation theorem, Fubini's

theorem, Lebesgue measure.
Special topics in analysis (lecture)

Topics: Borel and Suslin sets, symmetric algebra of a vectorspace, polynomial
functions, classical, approximate, and pointwise differentiation of higher
order, rectifiability of higher order.

Topics in Geometric Analysis | (MSc/PhD) (seminar, joint with Chun-Chi Lin)

Topics: Sobolev functions and functions of bounded variation, topological
vector spaces, pointwise differentiability of higher order for sets, Kohn's
example concerning approximate differentiation.

Geometric Measure Theory | (MSc/PhD) (lecture)

Topics: Grassmann algebra (tensor producs, graded algebras, exterior algebra
of a vector space, interior multiplications, simple m-vectors, inner products),
Borel regular measures, covering theorems, derivatives of measures.

e The course is offered both at the National Taiwan Normal
University and in the programme of the Taiwan Mathematics
School

« Video-recordings of the lectures were made available to the
participants of the course.

Topics in Geometric Analysis Il (MSc/PhD) (seminar, joint with Chun-Chi Lin)

Topics: rectifiability and approximate differentiability of higher order for sets,
pointwise differentiability of higher order for distributions, Hall's theorem on
perfect matching.


http://math.ntnu.edu.tw/~chunlin/
http://en.ntnu.edu.tw/
http://en.ntnu.edu.tw/
https://sites.google.com/view/tms-home/home
https://sites.google.com/view/tms-home/home

2020

2020 - 2021

2020 - 2021

Geometric Measure Theory Il (MSc/PhD) (lecture)

Topics: Carathéodory’s construction, curves of finite length, differentials and

tangents, second fundamental form, area of Lipschitzian maps.

e« The course is offered both at the National Taiwan Normal

University and in the programme of the Taiwan Mathematics School.

e Video-recordings of the lectures were made available to the
participants of the course.

Topics in Geometric Measure Theory | (MSc/PhD) (seminar)

Topics: locally convex spaces, Daniell integrals (decomposition and weak
convergence), Grassmann manifolds, some structure theory, some elliptic
PDEs, curvature of submanifolds, basic properties of varifolds.

Topics in Geometric Measure Theory Il (MSc/PhD) (seminar)

Topics: distribution theory, some elliptic PDEs, first variation of area, radial
deformations and the rectifiability theorem, compactness theorem for integral
varifolds, isoperimetric inequality, Allard's regularity theorem.

+ PhD students
® Hsin-Chuang Chou, since 2019
® Yu-Tong Liu, since 2021

+ MSc student
® Yu-Tong Liu, 2019 - 2020


http://en.ntnu.edu.tw/
http://en.ntnu.edu.tw/
https://sites.google.com/view/tms-home/home

+ Research Summary

Generally speaking, my research aims at the understanding of the complex local structure of
surfaces occurring in many models from the natural sciences. In this regard, a mathematical
surface may correspond to a variety of different physical objects: for instance, soap films,
horizons of black holes, membranes of cells, and boundaries between different phases of a

material, or between different grey levels in a digitally reconstructed image.

—RRIME » Menne ZFZHIRSE HIRAER T AT m4ERE > EHIRETZEA
FIEEAVEA - FEiE 5T - BRI AT RENIET 2% S S BRI A A 2 ¢ i - HE
B ~ BRI - ARERE DR TR A EHEY SR > BCE B bR G A E
PRP& Z TR 5T

It is the power of mathematical abstraction, that allows to devise a model of surfaces
capable of covering all these cases at once and to derive theoretical conclusions (e.g.,
regularity results), that typically are applicable in all of these settings. By a regularity result,
one means a mathematical theorem, that says, that a surface satisfying a given optimality
condition admits a simpler (i.e., more regular) local description, than an arbitrary surface in
its class.

TERYES (AT R - AP RS 1
LT 5 9 et 205 U0 reqularity 465 ) o DA T ME HURE FE IS 2 300455 - P o
regularity 557 » FEUR—RUBMEERL T BT KR EERRITRS - PTLASH]
S (PR reqular) MYREHL » EFPRAME P - S EEIHER A -

The study of models of surfaces with a complex local structure pertains to the field of
geometric measure theory. The success of this theory does not only stem from the many
applications, that its results have found in other larger fields within mathematics (e.g.,
differential geometry, geometric analysis, and mathematical models in the natural sciences),
but also from the new methods that it has contributed to the big fields of partial differential

equations and the calculus of variations.

B R aE R 0 Hh R bt B DRI s I R » S DRI Rm VAT - R
ERBTEIAER AT ZIER - K EHAM T EREITEEREIE (FIA0 © 856 - 240
SRt AR E AR R ) > R TR AR BRI TR B s
(B & ASEkE Bk -



The core motivation for my research is to make progress towards a fundamental regularity
question formulated by Allard in 1972. This question concerns the local structure of
surfaces in a particularly versatile class of surfaces (namely, integral varifolds) under the
natural optimality condition for this class. This class of surfaces is employed in models of
all of the above-mentioned physical objects.

Menne R HIIFEHIRZ O BIREAE IR HESN AR regularity FEARVHEREE » S (ER
Allard % 1972 SERTHEHIAY » 25 (8 FRERE . O 5 — SRR vl i (e rlis
varifolds ) fE77 & B Am FEGR R AT B AR B E4ERE - S ihm A AT 2R FTe
VIR AL o o

My research programme in this direction consists of three, partially overlapping stages. In
the first two stages, | systematically investigate which properties of their regular
counterparts (namely, twice continuously differentiable submanifolds) are shared by
integral varifolds in case they satisfy the optimality condition. More precisely, in the first
stage (which is now completed), I studied regularity theorems for these integral varifolds,
and in the second stage (which is nearing completion), | transfer mathematical machinery
previously only available for the regular counterparts to the relevant classes of varifolds. In
contrast, the third stage, which is currently in the starting phase, aims at establishing

regularity properties that exceed those of their regular counterparts.

Menne #PZ{EE AT EEE T =R EHEER > EABAIPEE o 15 50 i
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+ Conference Talks

10 Nov, 2018

National Kaohsiung Normal University, Kaohsiung, Taiwan, "The
Seventeenth Taiwan Geometry Symposium", "The moving plane method for
generalized submanifolds with bounded mean curvature and density
bounded from below uniformly", invited by Professor Chih-Wei Chan,
Professor River Chiang, Professor Chung-1 Ho, Professor Nan-Kuo Ho,
Professor Yng-Ing Lee, and Professor Mao-Pei Tsui.

28 Jun, 2019

National Center for Theoretical Sciences, Taiwan, "International Workshop
on Geometric Analysis and Harmonic Analysis", "Pointwise differentiability
of higher order for distributions”, invited by Professor Chun-Yen Shen.

29 Jun, 2019

National Taiwan Normal University, Taiwan, Joint forum NTNU and
Kyushu University: Session Mathematics, "Pointwise differentiability of
higher order for functions and sets", invited by Professor Chun-Chi Lin.

03 Nov, 2019

National Center of Theoretical Sciences, "The second Taiwan-Japan Joint
Conference on Differential Geometry", "A priori geodesic diameter bounds
for solutions to a variety of Plateau problems”, invited by Professor Mao-Pei

Tsui.

23 Jul, 2020

University of Leipzig, Germany, "Federer's 100" birthday web conference”,
"Pointwise differentiability of higher order for distributions”, invited by Dr

Jonas Hirsch

06 Dec, 2020

East China Normal University, P. R. China, Workshop, "Weekend in
Geometric Measure Theory and its Applications", invited by Professors
Thierry De Pauw, Fanghua Lin, and Dong Ye.




+ Seminar Talks

21 Dec, 2018

National Taiwan Normal University, Taiwan, "TGIF! Cross-Domain
Afternoon Tea", "A mathematical language for soap bubbles”, invited by
Professor Kwunmin Chen.

29 Jan, 2019

University of Salzburg, Austria, "Forschungsseminar Partielle
Differentialgleichungen”, "Pointwise differentiability of higher order for
distributions”, invited by Professor Verena Bogelein.

17 Oct, 2019

Academia Sinica, Taipeh, Taiwan, "Colloguium™, "The concept of varifold
invited by Professor Yi-Chiuan Chen.

17 Oct, 2019

National Center of Theoretical Sciences, "NCTS Seminar on Differential
Geometry", "Regularity of and geometric analysis on varifolds with mean
curvature"”, invited by Professor Yng-Ing Lee, Professor Chung-Jun Tsai,
and Professor Mao-Pei Tsui.

04 Dec, 2019

Tokyo Institute of Technology, Japan, "Mathematical analysis seminar”, "A
priori diameter bounds for solutions to a variety of Plateau problems"™,
invited by Professor Yoshihiro Tonegawa.

15 Oct, 2020

Okinawa Insitute for Science and Technology, Japan, "FALL 2020
Nonlinear Analysis Seminar Series"”, "A priori geodesic diameter bounds
for solutions to a variety of Plateau problems”, invited by Professor Daniel
Spector.




+ Recent Publications

U. Menne

Pointwise differentiability of higher order for distributions, 32 pages.
Anal. PDE, 14(2):323-354, 2021.

DOI: 10.2140/apde.2021.14.323. ArXiv: 1803.10855v2 [math.FA].

Abstract: For distributions, we build a theory of higher order pointwise differentiability comprising, for
order zero, Lojasiewicz's notion of point value. Results include Borel regularity of differentials, higher
order rectifiability of the associated jets, a Rademacher-Stepanov type differentiability theorem, and a
Lusin type approximation. A substantial part of this development is new also for zeroth order. Moreover,
we establish a Poincaré inequality involving the natural norms of negative order of differentiability. As a
corollary, we characterise pointwise differentiability in terms of point values of distributional partial

derivatives.

U. Menne, M. Santilli

A geometric second-order-rectifiable stratification for closed subsets of Euclidean space, 14 pages.
Ann. Sc. Norm. Super. Pisa CI. Sci. (5), 19(3):1185-1198, 2019.

DOI: 10.2422/2036-2145.201703_021. ArXiv: 1703.09561v2 [math.CA].

Abstract: Defining the m-th stratum of a closed subset of an n dimensional Euclidean space to consist of
those points, where it can be touched by a ball from at least n—m linearly independent directions, we
establish that the m-th stratum is second-order rectifiable of dimension m and a Borel set. This was known
for convex sets, but is new even for sets of positive reach. The result is based on a sufficient condition of

parametric type for second-order rectifiability

U. Menne

Pointwise differentiability of higher order for sets, 31 pages.

Ann. Global Anal. Geom., 55(3), 591-621, 2019.

Springer Nature SharedIt: https://rdcu.be/bgUaqa

DOI: 10.1007/s10455-018-9642-0. ArXiv: 1603.08587v2 [math.DG].

Abstract: The present paper develops two concepts of pointwise differentiability of higher order for
arbitrary subsets of Euclidean space defined by comparing their distance functions to those of smooth
submanifolds. Results include that differentials are Borel functions, higher order rectifiability of the set of
differentiability points, and a Rademacher result. One concept is characterised by a limit procedure
involving inhomogeneously dilated sets. The original motivation to formulate the concepts stems from
studying the support of stationary integral varifolds. In particular, strong pointwise differentiability of
every positive integer order is shown at almost all points of the intersection of the support with a given

plane.


https://doi.org/10.2140/apde.2021.14.323
https://arxiv.org/abs/1803.10855v2
https://doi.org/10.2422/2036-2145.201703_021
http://arxiv.org/abs/1703.09561v2
https://rdcu.be/bgUqa
https://doi.org/10.1007/s10455-018-9642-0
http://arxiv.org/abs/1603.08587v2

Funding and Fellowships

2019 — 2022 Ministry of Science and Technology, Taiwan (R.O.C.) (Grant No.
108-2115-M-003-016-MY 3).

2018 — 2023 Yushan Young Scholarship.

Research Visits

2019 Poland, twelve days: University of Warsaw; host Stawomir Kolasinski.
Mini-courses
2019 Seven video lectures (joint with Mario Santilli), Relating curvatures of

geometric measure and convex geometry, Summer School Geometric
Measure Theory and Related Fields, Beijing, China.

Organization of Research Seminars and Conferences

2019 - Co-Organiser (with Yng-Ing Lee, Chung-Jun Tsai, and Mao-Pei Tsui),
research seminar NCTS Differential Geometry Seminar; National
Center for Theoretical Sciences.

2020 - Co-Organiser (with Guido De Philippis, Yoshihiro Tonegawa, and
Neshan Wickramasekera), research seminar NCTS international
Geometric Measure Theory seminar with complete virtual venue;
National Center for Theoretical Sciences.

Other Visiting Scholars and Speakers Invited
02 - 15 June, 2019  Brian Krummel, Purdue University, USA.

10 June, 2020 Heiner Olbermann, Catholic University of Louvain, Belgium.
(Online colloquium talk funded by MoST)



+ Current Collaborators

* Stawomir Kolasinski, University of Warsaw, Poland,
(completed, Decay rates for the quadratic and super-quadratic tilt-excess of integral varifolds;
ongoing: TBA).

* Mario Santilli, Augsburg University, Germany,
(completed, A geometric second-order-rectifiable stratification for closed subsets of Euclidean
space; ongoing: TBA).

* Christian Scharrer, University of Warwick, UK,
(completed, An isoperimetric inequality for diffused surfaces; ongoing: A novel type of
Sobolev-Poincare inequality for submanifolds of Euclidean space).
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