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INTRODUCTION: An iconic model in quantum
many-body physics, the Hubbard model has
been intensely studied. Since the discovery of
high-temperature cuprate superconductors, a
central question has been whether the two-
dimensional (2D) Hubbard model qualitatively
captures the essential physics of these mate-
rials. Answering this question has proved to be
especially difficult because the ground state of
the model has been shown to be exceptionally
sensitive to small changes in the model terms
and parameters. The relevantmodel parameters
are in the most difficult regime—moderately
strongly coupled—wheremost approaches strug-
gle. The frequentpresenceof stripes in theground
states increases the sizes of the clusters needed
to extrapolate to the thermodynamic limit.
A powerful tool has emerged to help over-

come these difficulties: the use of combinations
of simulation methods with complementary
strengths and weaknesses. For example, the
constrained path (CP) auxiliary field quantum
Monte Carlo (AFQMC) and the density-matrix
renormalization group (DMRG) were used
to study the pure (i.e., with no next-nearest-

neighbor hopping) Hubbard model. It was
found that superconductivity is absent in the
ground state. In that case, the lack of super-
conductivity was tied to the occurrence of filled-
striped states.
Weapplied this approach to tackle the ground

states of the 2D Hubbard model with next-
nearest-neighbor hopping, t′. In connection
with the typical phase diagram of cuprates, a
t′ is needed to account for the particle-hole
asymmetry and band structures. The presence
of t′ turns out to substantially magnify the
sensitivities in the model and make it more
challenging to perform accurate computations
and reliable extrapolations to the thermo-
dynamic limit.

RATIONALE: We used two powerful modern
computationalmethods,DMRGandCPAFQMC,
which are particularly complementary to each
other. DMRG provides the most accurate and
reliable results when applied on narrow cylin-
ders. CP AFQMC can be applied to both wider
cylinders and toruses. The underlying approxi-
mationofCP isunrelated to the low-entanglement

approximation of DMRG. AFQMC is based
on a wave picture, whereas DMRG is rooted in
the particle picture. Their quantitative “hand-
shake” proved crucial for uncovering the
delicate nature of the stripe correlations. The
use of twist-averaged boundary conditions,
which effectively sample the low-lying states,
provided another key ingredient. Reaching
wider cylinders and large toruses allowed ex-
trapolation to the thermodynamic limit.

RESULTS:We found superconductivity in both
the electron- and hole-doped regimes. The
ground-state pairing-order parameter, which
we expected to be loosely connected to the
transition temperature (Tc) most readily ob-
served experimentally, displayed dome-like
structures as a function of doping, resembling
the Tc domes of the cuprates. The pairing-order
parameter was considerably larger in the hole-
doped region than in the electron-doped region.
On the hole-doped side, we found the co-
existence of superconductivity with fractionally
filled stripe correlations, with nominal stripe
fillings in the range 0.6 to 0.8 in sufficiently
large system sizes. On the electron-doped side,
at lower dopings, uniformorweaklymodulated
antiferromagnetism—along with uniform or
weakly modulated doping—coexisted with
somewhat-weaker superconductivity. These
behaviors of spin and charge are again con-
sistent with the phase diagram of the cup-
rates, in which uniform antiferromagnetic
correlations persist with substantial doping
on the electron-doped side but short- or long-
ranged incommensuratemagnetism and stripes
are observed starting at small doping on the
hole-doped side. The general appearance of
stripe orders on the larger systems with non-
integral numbers of pairs indicates that pairs
fluctuatebetweenstripes,promoting long-distance
phase coherence and thus superconductivity.

CONCLUSION: Canthesingle-bandHubbardmod-
el capture the qualitative physics—particularly
the superconductivity—of the cuprates? Our
calculations suggest that the answer is “yes”—
that the Hubbard model with a next-nearest-
neighbor hopping t′ distinguishing between
electron doping and hole doping captures the
essential features of the charge, magnetic, and
pairing orders. Other terms and effects not
present in the Hubbard model may still play
important quantitative roles. Nevertheless,
it appears that qualitatively, the t-t′-UHubbard
model may have “the right stuff.”▪
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Illustration of the ground-state
properties of the t-t'-U Hubbard
model. Dome-like structures in the
superconducting order parameter
resemble the Tc domes in the cuprates.
With electron doping, superconductivity
is accompanied by antiferromagnetic
Néel correlations. With hole doping,
superconductivity coexists with anti-
ferromagnetic correlations that are
modulated by a wavelength smaller
than 2/doping, with moderate hole-
density correlation peaks at the nodes.
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The Hubbard model is an iconic model in quantum many-body physics and has been intensely
studied, especially since the discovery of high-temperature cuprate superconductors. Combining the
complementary capabilities of two computational methods, we found superconductivity in both the
electron- and hole-doped regimes of the two-dimensional Hubbard model with next-nearest-neighbor
hopping. In the electron-doped regime, superconductivity was weaker and was accompanied by
antiferromagnetic Néel correlations at low doping. The strong superconductivity on the hole-doped side
coexisted with stripe order, which persisted into the overdoped region with weaker hole-density
modulation. These stripe orders varied in fillings between 0.6 and 0.8. Our results suggest the
applicability of the Hubbard model with next-nearest hopping for describing cuprate high–transition
temperature (Tc) superconductivity.

D
oes theHubbardmodel qualitatively cap-
ture the essential physics of the high-
temperature superconducting cuprates?
This question has been debated since
shortly after these materials were dis-

covered (1–10). Answering it has proved to be
especially difficult because the ground states
of the models have been shown to be excep-
tionally sensitive to small changes in the
model terms and parameters, with compet-
ing (11) or cooperating (12) charge, spin (13), and
superconducting orders (14–18). The relevant
model parameters are in the most difficult
regime—moderately strongly coupled—where
most approaches struggle. The frequent pres-
ence of stripes in the ground states increases
the sizes of the clusters needed to extrapolate
to the thermodynamic limit.
A powerful tool has emerged tohelp overcome

these difficulties: the use of combinations
of simulation methods with complementary
strengths and weaknesses (19). The density-
matrix renormalization group (DMRG) (20–22)

provides the most accurate and reliable results
when applied on fairly narrow cylinders (23).
Othermethods work either directly in the ther-
modynamic limit (24, 25) or at least on much
wider clusters as compared with DMRG (26),
but these methods have approximations tied
to unit-cell size (24, 27, 28), coupling strength,
and other factors (25, 29, 30). The constrained
path (CP) auxiliary-field quantumMonte Carlo
(AFQMC) method (26, 31, 32) is particularly
complementary to DMRG: It can be applied to
both wider cylinders and toruses (supercells
periodic in both directions); the errors from CP
to control the sign problem have been consis-
tentlymodest (19), and the underlying approxima-
tion of CP is unrelated to the low-entanglement
approximation of DMRG. AFQMC is based on
a wave picture of superpositions of Slater de-
terminants, whereas DMRG is rooted in the
particle picture with strong coupling. The
quantitative “handshake” of these twomethods
proved to be crucial for uncovering the delicate
nature of the stripe correlations, as we discuss
below. Previously, this combination was used
by extrapolating to the two-dimensional thermo-
dynamic limit to find that superconductivity is
absent in the pure (with no next-nearest-
neighbor hopping) Hubbard model (11). In
that case, the lack of superconductivitywas tied
to the occurrence of filled-stripe states (33).
In this study, we refined this approach to

tackle the Hubbard model with a nonzero
next-nearest-neighbor hopping, t0 . In connec-
tion to the typical phase diagram of cuprates,
a nonzero t 0 is necessary to account for the
particle-hole asymmetry and the band struc-
tures. The t0≠ 0 model is considerably more
difficult computationally, with challenges for
both DMRG and AFQMC. In situations for
which both methods apply, we used DMRG to

certify the high accuracy and reliability of our
AFQMC calculations. In cases of ambiguity
(e.g., in some width-6 cylinders), resolving the
discrepancies contributed to growing synergy
between the twomethods and led to addition-
al physical insights. We have found that the
phase diagram with finite t0 is a great deal
more complicated than for the pure Hubbard
model and features partially filled stripes co-
existingwith superconductivity on thehole-doped
side and uniform antiferromagnetic (AFM) order
coexisting with superconductivity on the elec-
tron side. The final results for superconductivity,
extrapolated to the thermodynamic limit, are
similar to the properties of cuprates, with both
electron- and hole-doped superconducting
“domes,” but with the hole-doped side dome
being much taller.

Hubbard model and lattice geometry

The Hamiltonian of the Hubbard model is

Ĥ ¼ �t
X
ijh i;s

ĉis
† ĉjs � t′

X
ijh ih i;s

ĉis
† ĉjs

þ U
X
i

n̂i↑n̂i↓ � m
X
is

n̂is; ð1Þ

where i or j labels a site on a square lattice,
ĉis
† is the electron creation operator, s ¼ ↑; ↓f g
denotes spin,n̂is ¼ ĉis

† ĉis is the particle-number
operator, and ijh i and ijh ih i indicate nearest
and next-nearest neighbors, respectively. We
set t as the energy unit. In cuprates, t0 < 0(34);
however, using a particle-hole transforma-
tion to map fillings 1þ d→1� d, we can study
electron doping by changing the sign of t0. We
used t 0 ¼ �0:2 for hole doping and t0 ¼ þ0:2
for electron doping, according to band-
structure calculations in cuprates (35, 36). The
on-site repulsion U was fixed at U = 8, again
a representative value for cuprates. We
scanned a range of doping (denoted by d) by
varying m.
Our study focused on the ground state,

which we obtain in either cylindrical or toric
systems. The use of cylinders serves two pur-
poses. First, they allow direct comparisons
between AFQMC and DMRG, which is highly
accurate in narrow cylinders. Second, they are
convenient for studying spin and charge orders,
in which we applied spin symmetry–breaking
pinning fields on the edges of the cylinder to
help detect ordering from the resulting local
spin and charge densities. The calculations in
toruses allow AFQMC to better approach the
thermodynamic limit (TDL). As shown below,
it turned out to be crucial to systematically
average over different boundary conditions.
To compute the pairing-order parameter, we
applied twist-averaged boundary conditions
(TABC) over a large number of random twists
in systems with up to 500 lattice sites. We dis-
cuss the improvements to the capability and
accuracy of the two methods that enabled this
study in several of the following sections.

RESEARCH

1Department of Physics, College of William and Mary,
Williamsburg, VA 23187, USA. 2Department of Physics,
National Sun Yat-sen University, Kaohsiung 80424, Taiwan.
3Center for Theoretical and Computational Physics, National
Sun Yat-sen University, Kaohsiung 80424, Taiwan. 4Physics
Division, National Center for Theoretical Sciences, Taipei
10617, Taiwan. 5Key Laboratory of Artificial Structures and
Quantum Control, School of Physics and Astronomy,
Shanghai Jiao Tong University, Shanghai 200240, China.
6Hefei National Laboratory, Hefei 230088, China. 7Arnold
Sommerfeld Center for Theoretical Physics, Ludwig-
Maximilians-Universität München, 80333 Munich, Germany.
8Munich Center for Quantum Science and Technology
(MCQST), 80799 Munich, Germany. 9Department of Physics
and Astronomy, University of California, Irvine, CA 92697,
USA. 10Center for Computational Quantum Physics, Flatiron
Institute, New York, NY 10010, USA.
*Corresponding author. Email: szhang@flatironinstitute.org
†These authors contributed equally to this work.

Xu et al., Science 384, eadh7691 (2024) 10 May 2024 1 of 7

D
ow

nloaded from
 https://w

w
w

.science.org at N
ational Sun Y

at-Sen U
niversity on M

ay 12, 2024

mailto:szhang@flatironinstitute.org


Overview of pairing and coexisting
spin and charge orders
Figure 1 presents an overview of our results, a
“phase diagram” of the computed pairing-
order parameter, together with representative
spin and charge correlations. The pairing-order
parameter Dd we computed is the expectation

value of the operator
X

ijh i bij D̂ij þ D̂ij
†

� �
=2

h i
,

where D̂ij ≡ ĉi↑ĉj↓ � ĉi↓ ĉj↑
� �

=
ffiffiffi
2

p
andbij ¼ þ1 if

the bond ijh i is in the x direction andbij ¼ �1 if
ijh i is in the y direction. The pairing-order pa-
rameters have been extrapolated to the TDL,
using full TABC in large simulation cells [see
below and (37)]. We would expect this zero-
temperature property to be loosely connected
to the transition temperature (Tc) most readily
observed experimentally [however, see (38, 39)].
On both the electron- and hole-doped sides, we
find dome-like d-wave pairing orders that resem-
ble the Tc domes in the typical phase diagram of
cuprates. The pairing-order parameter is sub-
stantially larger in the hole-doped region than in
the electron-doped region, which is also con-
sistentwith the phase diagramof cuprates (40).
Spin and hole densities are shown for the

three representative systems marked as A, B,
and C. These calculations were performed with
AFM pinning fields on the edges of the cylin-
drical simulation cells (37). The spin and hole
densities thus provide a simple and convenient
way to visualize the spin and charge correla-
tions. We have taken care to ensure that the
results are drawn from very large systems and
that the spin and charge patterns are repre-
sentative of different boundary conditions. In
the electron-doped region, the spins show single-
domain antiferromagnetism with nearly uni-
formhole densities in the bulk. In the hole-doped
region, stripe and spin-density wave (SDW) cor-
relations are observed, with modulated AFM
domains separated by phase-flip lines where
holes are more concentrated. In contrast with
the pure Hubbard model, we found that the
wavelength of the modulation is not an in-
teger multiple of 1/d (filled stripes). Nor are the
stripes half-filled as seen in previous state-of-
the-art calculations (41). Rather, they are best
described as partially filled, with fractional
fillings that vary with d as well as system-size
and boundary conditions. These behaviors of
spin and charge are again consistent with the
phase diagram of the cuprates (40), in which
uniform AFM correlations persist with sub-
stantial doping on the electron-doped side but
short or long-ranged incommensurate magne-
tism and stripes are observed starting at small
doping on the hole-doped side (42, 43).
It is instructive to consider this phase dia-

gram in the context of the t-t′-Jmodel (44, 45),
which can be derived as an approximate strong-
couplingHubbardmodel at low doping. In the
t-t′-J model, recent DMRG studies all point to
strong d-wave superconductivity on the elec-

tron-doped side (44–46), which coexists with
AFM correlations with increasing strength as
t 0 increases; somedifferences remain concerning

whether long-range AFM order occurs (47). To
date, indications are that superconductivity
is weak or marginal on the hole-doped side
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Fig. 1. The d-wave pairing-order parameter as a function of doping d. Shown is the ground state for
the hole-doped (t0 ¼ �0:2) and electron-doped (t0 ¼ þ0:2) regimes. Representative spin and charge
correlations are also shown for three parameter sets: A, B, and C. Dd is the spontaneous pairing order in the
thermodynamic limit; the spin and charge (hole) patterns are drawn from the middle of 28 by 8 (A), 24
by 8 (B), and 40 by 8 (C) cylinders with AFM-spin pinning fields applied to the two edges. The vertical scale
for the hole-density plots (top of panels A, B, and C) starts at 0.1. Gray shadows for spins are to aid the eye.
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(44, 48). Is this difference caused by the
strong-coupling approximations of that model,
or by other flaws or missing terms affecting
both the Hubbard and t-t′-J (single-band)
models? Our results point to the former. These
differences have not been clear in previous stud-
ies on narrower cylinders, which are impacted
by strong finite-size effects (49, 50).

Underdoped region: 1/8 hole doping

A relatively large pairing-order parameter is
found in this region, in coexistence with stripe
correlations (Fig. 1). To better understand the
nature of the spin and charge correlations, we
systematically studied their evolution with sys-
tem sizes, as shown in Fig. 2. The computations
were performed in Lx � Ly cells, with periodic
boundary condition (PBC) or antiperiodic bound-
ary condition (APBC) in the ŷ direction and open
BC along x̂ (i.e., cylinders). AFM pinning fields
(along ẑ) were applied at x ¼ 1 and Lx to break
the SU(2) symmetry and induce local spin or-
ders, such that the local spin density, Sz x; yð Þ,
becomes a proxy of spin-spin correlations away
from the edges of the cylinder.
Modulated AFM patterns are clearly seen in

all the systems. Correspondingly, hole densi-
ties are enhanced at the nodes of the spinmodu-
lation (Fig. 1) [results on the corresponding hole
densities for Fig. 2 canbe found in fig. S4 in (37)].
The characteristicwavelengthof themodulation,
lSDW, varieswith system size.Wedefine a filling
fraction of the stripe as f ≡ dlSDW=2, i.e., the
number of holes per lattice spacing along a
stripe. In the pure Hubbard model, f ¼ 1 be-

cause lSDW ¼ 2=d (51, 52). Then, nominally
the number of electron pairs per stripe is
np ≡ f Ly=2. If np is an integer, we refer to
the state as integer-pair stripe (IPS); other-
wise the state is labeled as non-IPS (NIPS).
Previous studies in width-4 cylinders have

found that the ground state in this system has
half-filled stripes (41,44,45). Our results confirm
this picture, with good agreement between
AFQMC and DMRG, but also show that the
half-filled stripe turns out to be special to
width-4. As the system size increases, the stripe
filling fluctuates between 3/5 and 3/4; NIPS
states appear frequently. Previous calculations
(11, 53) show that states with IPS are favored,
which was taken as an indication of the exis-
tence of local pairing of electrons in the stripe
state. Our results indicate that, with the in-
clusion of t0, the electron is more mobile and
pairs of electrons become coherent, display-
ing long-range pairing order. This is further
discussed and contrasted with the overdoped
region in the next section.

Overdoped region: 1/5 hole doping

A strong superconducting order parameter is
found in the ground state of the hole-over-
doped region of d = 1/5, with strength com-
parable to d = 1/8 (Fig. 1). The behavior of spin
and charge correlations shows common fea-
tures but also considerable differences between
the two regions. Figure 3 summarizes their
stripe fillings side by side, from computations
in about 30 systems. Several trends are evi-
dent. In narrow cylinders, IPS states are fa-
vored at both dopings. In more than a dozen
different width-4 and width-6 systems across
the two dopings, AFQMC and DMRG agree
in each case on the stripe wavelength and fill-
ing fraction. In both regimes, the filling fraction

varies widely with system sizes and boundary
conditions, and fluctuations continue through
systems with over 500 lattice sites. As the size
grows (wider cylinders), IPS states are no longer
favored and both systems tend to fractional
stripe fillings. These results indicate that with
t0, the stripe patterns—but not the existence of
stripes—are much more fragile than in the
pure Hubbard model.
Both the spin and charge modulations are

weaker at 1/5 doping than at 1/8. Although f is
larger in the TDL, the holes are more mobile
and spread out in the overdoped region. The
hole density is nearly uniform, with less than
5% of the holes contributing to the density
fluctuations. At 1/8 doping, the stripe order is
more pronounced (Fig. 1). Nevertheless, the
peak density of holes at the nodes of the spin
correlation is only ~30% higher than the aver-
age. The notion of stripe filling derives from a
particle picture, most applicable to holes in
Wigner crystal–like distributions. The holes in
the systems studied here have a strong wave
character (51), with which the fractional fill-
ings of stripes that we observed are more
readily compatible.

Electron-doped region

Experimentally, the electron-doped side is sim-
pler, without the competing stripe state (42, 54)
or pseudogap phase in cuprates (40). The crit-
ical doping for the long-range AFM order on
the electron-doped side is larger than that on
the hole-doped side, the superconducting dome
is smaller, and the transition temperature is
lower. The phase diagram in Fig. 1 and the
spin and hole densities in Fig. 4 are consistent
with these features.
Our results reveal several other important

features on the electron-doped side. There are
considerable variations of the spin and charge
correlations with system sizes and boundary
conditions, even though the sensitivity is less
compared with the hole-doped side. Two en-
tirely different ground-state orders are obtained
fromwidth-4 andwidth-6 cylinders (fig. S2), and
APBC and PBC also lead to opposite conclusions
in each simulation cell. Even in the width-8
systems in Fig. 4, which display robust Néel
order, different boundary conditions still show
variations in the charge correlation. Super-
conductivity manifests a more dramatic vola-
tility; using PBC, the most common approach
to date, calculations in width-4 and width-6
cylinders would yield a strong pairing order in
the electron-doped regime. (DMRGandAFQMC
give fully consistent results.) By contrast, under
APBC the same calculations predict no pairing.
The uncertainties with respect to finite size and
boundary conditions are much larger than
the final signal at the TDL. Thus, even a qual-
itative conclusion on superconductivity would
be challenging without using TABC, system-
atic extrapolation to large sizes, and other

Fig. 2. Evolution of the stripe patterns with
system size (d = 1/8, hole-doped). The staggered
spin densities are shown as linecuts in periodic
cylinders. The length of the cylinder (Lx) is varied
across the three columns and the width (Ly) across
rows. AFM pinning fields are applied at the two
edges of the cylinder (x ¼ 1 and x ¼ Lx), either in
phase or with a p-phase shift (marked by an asterisk);
the state with lower energy is shown. The filling
fraction f of each stripe pattern is indicated, with
NIPS denoting noninteger-pair stripes. DMRG results
(red) are shown for width-4 and width-6 systems, and
AFQMC results (black) are in good agreement with them.

Fig. 3. Partially filled stripe patterns on the
hole-doped side, at d = 1/8 and 1/5. The stripe
fillings are shown for a variety of system sizes, in
cylindrical cells with width Ly ¼ 4 up to 12, and
lengths ranging from 16 to 48. The Lx value of each
symbol is provided in table S1. Results for both PBC
and APBC are shown. Narrow cylinders favor
integer-pair stripes (IPS, indicated by green bars).
Fluctuations are strong even in large systems.
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methodological advances, which are discussed
in the next sections.

Twist averaging as an effective means to
sample low-lying states

The use of twist averaging (55, 56) in this work
had two crucial roles. First, systematically aver-
aging over twist angles, combined with the
ability to reach large system sizes and careful
finite-size extrapolation, enabled us to approach
the TDL reliably. Second, the random twist an-
gles provided an effective means to sample the
low-lying states, and their averaging reduced
the impact of rare events of accidental degeneracy

and smoothed out the effect of level crossings as a
function of an applied pairing field (37).
Different boundary conditions can result in

variations in the pairing-order parameter that
are many times larger than the signal, even in
nominally rather large sizes (width-6 cylinders)
(Fig. 4). Both PBC and APBC are twist angles of
special symmetry and are often particularly
volatile. The twisted boundary condition (TBC)
can be thought of as the electron gaining a
phase when it crosses the boundary. Equiva-
lently, we can choose another gauge by dis-
tributing the phase evenly in each hopping
term. When a twist is applied, care must be
taken in defining the pairing-order parameter,
whose form is gauge-dependent but whose ex-
pectation value should be gauge-independent
(37). We applied TABCwith quasi-random twist
angles (56). TABC reduces the fluctuations in
the computed pairing-order parameter (Fig. 4)
[also discussed further below and in (37)]. TBC
and twist averaging have been shown to ac-
celerate the extrapolation with calculations on
cylinders (57).
With the inclusion of a nonzero t 0 , the per-

fect nesting in the Fermi surface at half-filling
is absent. Subtle variations near the Fermi
level from finite size and boundary conditions
can have amuch larger effect on the formation
of collective spin modes, thus there is more
sensitivity in the property of the low-lying
states. These states can be extremely close in
energy such that any small finite temperature
(e.g., under experimental conditions)would smear
them out and render them indistinguishable.
TABC provides an effective sampling of such
low-lying states, which can average out the fluc-
tuations so as to more reliably capture the
intrinsic properties (Fig. 5). The pairing-order
parameter exhibits large variations as a func-
tion of the twist angle, both in the ground

state and low-lying excited states, as seen in
the inset for one value of hd (the magnitude of
the applied pairing field). The calculation can
“hop” from one state to another among the
bundle of low-lying states, depending on the
initial condition, convergence criterion, and
other factors, even under high-quality com-
putational settings (e.g., large bond dimen-
sions in DMRG). This is also reflected in the
modest level of agreement between the two
methods for each particular state. With TABC,
however, their agreement is excellent across
the entire range ofhd [which spansmany level
crossings (37)], and the two methods give fully
consistent conclusions.

Extrapolation of pairing order

The spontaneous pairing-order parameter in
the TDL,Dd, was obtained from amassive num-
ber of computations. Each calculation was
performed in the presence of a small but finite
global pairing field, hd (37). At each parameter
set (t0 and doping), Dd N ;hdð Þ was computed
for many different simulation-cell sizes, N , at
tens ofhd values, with each averaged over tens
of quasi-random twist angles. We then took
the limitDd N→∞; hdð Þat eachhd, followed by
the extrapolation Dd ∞;hd→0ð Þ (Fig. 6). Figure
6A shows the first step, in which we used
N ¼ Lx � Ly supercells (toruses) with quasi-
random twist angles kx;kyð Þ applied to both
directions. We verified that Lx is sufficiently
large such that the results converged within
our statistical accuracy. We then extrapolated
the TABC results with respect to 1=Ly, exclud-
ing small sizes. [Deviations are visible from
width-4 systems, which can have different
pairing symmetry from ordinary d-wave pairing
(50).] As shown in Fig. 6B, extrapolations were
then performed using smallhd values (<0.05 for
linear and last 10 or so points for quadratic fits),

A C

B

Fig. 4. Spin, charge, and pairing properties on the electron-doped side (d = 1/8). Note their variations with boundary conditions. (A) APBC along ŷdirection
in a 28 by 8 cylinder gives nearly uniform Néel order (only a 16 by 4 central region is shown). (B) Under PBC, a modulated AFM order with larger spatial variations in
spin magnitude is seen. (C) The computed pairing orders in 16 by 4 and 16 by 6 cylinders (at a fixed value hd ¼ 0:021 of applied global d-wave pairing fields)
show opposite trends with PBC and APBC. The final pairing order, computed from TABC in large toruses of increasing Ly, is shown together with the TDL extrapolation
by the gray band.

Fig. 5. Importance of TABC for accurate deter-
mination of the pairing order. The main figure
shows the d-wave pairing-order parameters in a 20
by 4 cylindrical cell at 1/5 hole doping, after full
twist averaging over ky. AFQMC and DMRG results
agree across the entire range of the applied pairing
field hd. (Inset) The inset focuses on hd ¼ 0:205. Dd

computed from DMRG and AFQMC are shown as a
function of ky, for the ground state (connected by
solid line) and some of the lowest-lying excited
states (open symbols). Averages of the solid
symbols lead to the TABC results in the main figure.
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yielding the final spontaneous pairing-order
parameter Dd at hd→0. As can be seen, the
quality of the fits is excellent; in each case,
the linear and quadratic fits give consistent
values within statistical errors. The pairing-
order parameters shown in Fig. 1 are the final
Dd after extrapolations to the TDL, and then to
the zero–pairing field limit.

Discussion and outlook

Can the single-band Hubbard model capture
the qualitative physics—particularly the super-
conductivity—of the cuprates? Our calculations
suggest that the answer is “yes”—that the
Hubbardmodel with a next-nearest-neighbor
hopping t0 distinguishing between electron
doping and hole doping captures the essen-
tial features of the charge, magnetic, and pair-
ing orders.
The computed pairing-order parameter in

the ground state as a function of doping dis-
plays dome-like structures resembling the Tc
domes of the cuprates. On the hole-doped side,

we found the coexistence of superconductivity
with fractionally filled stripe correlations, with
nominal stripe fillings in the range 0.6 to 0.8
in sufficiently large sizes. On the electron-doped
side, at lower dopings, we found that uniform
orweaklymodulated antiferromagnetism—along
with uniform or weakly modulated doping—
coexisted with somewhat weaker supercon-
ductivity. The general appearance of stripe
orders on the larger systems with nonintegral
numbers of pairs indicates that pairs fluctuate
between stripes, promoting long-distance
phase coherence and thus superconductivity;
by contrast, for t0 ¼ 0, the stripes were filled
and superconductivity was absent (11).
This picture is in contrast to that of the t-t′-J

model, once thought to be leading to the same
results as the Hubbardmodel, which appears to
exhibit onlyweak ormarginal superconductivity
on the hole-doped side (44, 46). The ground
states of the models are not universal, and to
capture the subtle interaction of the various
intertwined orders requires both very careful

finite-size extrapolation and very high accu-
racy and reliability in the simulationmethods.
Evenwithin the single-band t-t′Hubbardmodel,
an enormous body of works exists, withwidely
varying and often conflicting results. Our re-
sults also explain why this has been the case:
The model shows extreme sensitivity of the
properties to finite sizes and boundary condi-
tions and to any biases of approximatemethods.
The challenge in treating theHubbardmod-

el is magnified substantially with a nonzero t′.
The difficulties include more sensitivity and
stronger dependency on system size and bound-
ary condition, as we have illustrated. In addi-
tion, t 0 turns out to affect the interplay between
low-lying states in importantways. For instance,
with t 0 ¼ 0, stripe and superconductivity mani-
fest as competing orders. Filled-stripe states
are particularly stable, with nesting contrib-
uting a key factor. A nonzero t0 affects the
nesting condition (frustrates the Néel order)
and alters the landscape of the low-lying states,
thus demanding much higher resolution from
the numerical methods.
In this work, we have combined DMRG and

AFQMC, with DMRG benchmarking and vali-
dating the CP approximation in AFQMC on
narrower systems, and the AFQMC being used
to reachmuch larger systems. The improvements
to finite-size extrapolations owing to the use of
TABC, together with methodological advances,
enhanced the resolution of the results.
In the models or parameter regimes on the

hole-doped side where superconductivity is not
present, we still found strong indications of
paired holes. For example, if holes within stripes
were not paired, one would expect to find single
stripes having an odd number of holes in about
half the systems, but instead only even numbers
of holes in each stripe were found. Whether
there is superconductivity or not seems tied to
the properties of a pair, e.g., its effective mass,
which is strongly influenced by model param-
eters such as t′. A heavy pair or a pair that
interacts strongly with the magnetic degrees
of freedom of the region around it is more
likely to be locked up in a stripe, suppressing
phase coherence. This model specificity and
nonuniversality raises the question: Is there any
simple analytic theory of cuprate superconduc-
tivity in the style of Bardeen-Cooper-Schrieffer
(BCS), ormust we always resort to simulation?
Our study still leaves much to do in con-

necting themodels quantitatively to experiments.
We have not predicted transition tempera-
tures, only order parameters. We have not
studied transport and dynamical properties of
the models. Many other properties of the one-
bandHubbardmodel remain to be determined
and understood. Other terms (58, 59) and ef-
fects not present in theHubbardmodelmay still
play important quantitative roles. Nevertheless,
it appears that qualitatively, the t-t′-U Hubbard
model may have “the right stuff.”

A

B

Fig. 6. Computation of the ground-state pairing-order parameter at the thermodynamic limit. (A)
Extrapolation to the TDL at a fixed hd, the strength of the d-wave pairing fields. (B) Extrapolation of the
TDL result from (A) to hd→0. Three representative systems are shown. In (A), each data point is obtained
by TABC over kx; ky

� �
in supercells of Lx � Ly, and only results from large supercells are included. In (B),

linear or quadratic fits are performed (full lines) at small values of hd, with extrapolated values marked as
stars; the dashed lines connect the data points to guide the eye.

RESEARCH | RESEARCH ARTICLE

Xu et al., Science 384, eadh7691 (2024) 10 May 2024 5 of 7

D
ow

nloaded from
 https://w

w
w

.science.org at N
ational Sun Y

at-Sen U
niversity on M

ay 12, 2024



Methods summary
The methodologies used in this work have a
number of distinguishing features that made
it possible to improve accuracy and reliability.
Two complementary, state-of-the-art compu-
tational methods were used synergistically.
We implemented both U(1)- (60) and SU(2)-
symmetry–adapted (61) DMRG calculations
for different setups and pushed them to the
large bond-dimension limit. In AFQMC, we
introduced a further advance in the optimi-
zation of the constraining trial wave function
[see fig. S1 in (37)], which is determined fully
self-consistently (32) with no input parameter.
Extensive and detailed comparisons between
AFQMC and DMRGwere performed on width-
4 and width-6 cylinders, under identical condi-
tions. The same AFQMC algorithm, which has
no room for tuning, was applied to larger sys-
tems. The formulation of systematic twist aver-
aging for the computation of the pairing-order
parameters provides an effective way to sample
the low-lying states.
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